We investigate the effect of supersymmetry preserving mass deformation near the UV fixed point represented by the N = 6 ABJM theory. In the context of the gauge/gravity duality, we analytically calculate the leading small mass effect on the renormalized entanglement entropy (REE) for the most general Lin-Lunin-Maldacena (LLM) geometries in the cases of the strip and disk shaped entangling surfaces. Our result shows that the properties of the REE in (2+1)-dimensions are consistent with those of the c-function in (1+1)-dimensions. We also discuss the validity of our computations in terms of the curvature behavior of the LLM geometry in the large N limit and the relation between the correlation length and the mass parameter for a special LLM solution.
Introduction
The entanglement entropy (EE) has become an important quantity in a wide range of research areas, from condensed matter physics to quantum gravity. In quantum field theory, one of its well-known features is the appearance of the area law describing short range correlation in the vicinity of the boundary of two subsystems. This correlation causes the ultra-violet (UV) divergence in the continuum limit, which can be regulated in terms of the UV cutoff [1, 2] . This implies that the EE is a UV sensitive quantity. However, the EE also includes some UV insensitive information for the degrees of freedom related to the long range correlations of the system. One important task for further exploration of such long range degrees of freedom is to define an appropriate finite quantity in the continuum limit, analogous to the Zamolodchikov c-function in 2-dimensional quantum field theory [3] .
As for the actual computation of the EE itself, it is usually known that it is hard to evaluate the EE when the theory of interest is an interacting one. Actually, the majority of the computations of EE has been done in free field theories. However, the situation changes if a field theory has its gravity dual in the context of AdS/CFT correspondence. According to the suggestion of [4, 5] known as the holographic EE (HEE), 1 the EE of the boundary 1 For comprehensive review on the subject of HEE including related references, see [6] .
field theory is given by the minimal surface area in the bulk under the condition that the boundary of the minimal surface is the entangling surface in the boundary theory. Because the HEE concerns only the geometric object, the minimal surface, which is simpler than the direct quantum computation of boundary theory, it can be regarded as a practical way to compute even the EE of interacting field theory, at least in the case where the system is in its ground state.
Among many possible boundary field theories appearing in the AdS/CFT correspondence, those originating from the explicit brane configurations are particularly interesting because they are related to the dual gravity or M/string theory stringently and believed to play any important role in uncovering the nature of AdS/CFT correspondence. One such theory is the (2 + 1)-dimensional N = 6 superconformal Chern-Simons matter theory with the gauge group U(N) k × U(N) −k at Chern-Simons level k. It describes the N M2-branes probing a C 4 /Z k orbifold and is called the Aharony-Bergman-Jafferis-Maldacena (ABJM) theory [7] . One feature of this theory is that it allows the supersymmetry preserving massdeformation [8, 9] . It has been shown in [10] that the gravity dual of the supersymmetric vacua of this mass-deformed ABJM (mABJM) theory for a given N and k is identified with the half-BPS Lin-Lunin-Maldacena (LLM) geometry [11, 12] with SO(2,1)×SO(4)×SO (4) isometry in 11-dimensional supergravity. Interestingly, it was conjectured in [12] that this type of LLM geometry (corresponding to k = 1 case) is dual to the supersymmetry preserving mass-deformation of the N = 8 CFT, even before the appearance of the ABJM theory.
Since the mABJM theory is a deformation from the conformal ABJM theory, it gives us a chance to study the behviour of the ABJM theory away from the UV conformal fixed point with respect to the change of the deformation parameter. At this point, the EE can be regarded as a good measure for exploring such behaviour. However, since the mABJM theory is highly interacting one, it is practically too hard to compute its EE. Fortunately, the dual geometries corresponding to various supersymmetric vacua have been constructed [13] as alluded to above and thus the HEE can be considered instead of EE.
In this paper, we are interested in the mABJM theory near the UV fixed point. Our main goal is to compute the HEE's for general supersymmetric vacua and to investigate the effect of the mass deformation from the viewpoint of renormalization group (RG) flow. The RG flow itself is derived from the holographic renormalized EE (REE), which has been proposed by Liu and Mezei [14] to define a UV finite quantity from a given EE. It was shown that the REE for any (2+1)-dimensional Lorentz invariant field theories always monotonically decreases along the RG trajectory [15] . See also [16] [17] [18] [19] [20] for related works. Especially in [20] , the present authors have done a study on the topic related with the REE of the mABJM theory, which is a preliminary work of our present work. There, a circle was taken as the entangling surface and the HEE for the most symmetric LLM geometry was calculated. In the present work, we extend the previous one. We study the REE's of a strip as well as circular shaped entangling surface on the general LLM geometries, which correspond to all possible supersymmetric vacua of the mABJM theory. We also discuss the validity of our computation in terms of gauge/gravity duality in the large N limit.
The organization of this paper is as follows. In the next section, we briefly review the supersymmetric vacuum structure of mABJM theory and the corresponding dual LLM geometry in terms of droplet picture. The HEE of the mABJM theory is studied in Sec. 3. As mentioned above, two types of entangling surface, strip and circular one, are considered. The configuration of droplet we take is quite general except that it represents the weakly curved LLM geometry. Based on the results of HEE, we compute the REE for each entangling surface. Finally, the summary of our results and discussion follow in Sec. 4 . In Appendix A, we find the relation between the mass parameter and the correlation length which comes from a cutting off the tip of the minimal surface without mass-deformation. In Appendix B, we discuss the large N behavior of the Ricci scalar at the y = 0 region.
Vacua of the mABJM theory and the LLM geometry
The N = 6 ABJM theory allows the supersymmetry preserving mass deformation [8, 9] by imposing the same mass to 4-complex scalars and their superpartners. One intriguing feature of the mABJM theory is that it has discrete Higgs vacua which are classified by the partition of N. Here N is the number of M2-branes in the ABJM theory. The supersymmetric vacua [10] of the mABJM theory with Chern-Simons level k = 1 have one-to-one correspondence with the Lin-Lunin-Maldacena (LLM) background with SO(2,1)×SO(4)×SO (4) isometry in 11-dimensional supergravity [11, 12] . In this section we briefly review this correspondence and discuss the asymptotic properties of the LLM geometry.
Supersymmetric vacua of the mABJM theory
In this subsection, we summarize the supersymmetric vacua [10] of the mABJM theory.
Before discussing it, we consider the classical vacuum equations, which are obtained by setting the bosonic potential of the mABJM theory to zero [7] . Since the SU(4) global symmetry of the original ABJM theory is broken to SU(2)×SU(2)×U(1) symmetry in the mABJM theory, it is convenient to split the SU(4)-symmetric 4-complex scalars into two SU(2)-symmetric complex scalars, i.e., 
Solutions of these equations in (2.2) have been found in the form of the GRVV matrices [9] .
Each vacuum solution is well represented as a direct sum of irreducible rectangular n×(n+1) matrices, M 
In terms of these matrices, the vacuum solutions are
where 0 i×j denotes i × j null matrix. Since Z a and W †a are N × N matrices for the gauge group U(N) × U(N), 2 we have the following constraints, 5) where
a ). Any combination of (N n , N ′ n ) satisfying the constraint (2.5) can be the solution of the vacuum equation (2.2). However, it was found that the possible combinations of (N n , N ′ n ) are much more than the number of the expected configurations [9] in dual gravity theory, which are known as the LLM geometries. This problem was resolved by introducing quantum fluctuations to classical vacua. It was found that the occupation numbers for the quantumlevel supersymmetric vacua are further constrained by the Chern-Simons level k,
for every n [10] . Thus, only a subset of classical vacua remains supersymmetric at the quantum level.
LLM geometry with Z k quotient
It was already conjectured in [12] that the LLM geometry with SO(2,1)×SO(4)×SO (4) isometry in 11-dimensional supergravity should correspond to the N = 8 effective field theory of M2-branes. Subsequently, there has been much progress in this direction, for instance, explicit matrix representation of discrete vacua [9] , supersymmetric vacua [10] , one-to-one mapping between the supersymmetric vacua of the mABJM theory and the LLM geometries for general k and N [13] , etc.. See also [22, 23] for other developments.
The LLM geometry with Z k quotient is given by
where
The mass parameter µ 0 corresponds to turning on a non vanishing 4-form field strength.
The LLM geometry in (2.7) is completely determined in terms of z(x, y) and V (x, y), 9) where N B is the number of the black droplets and x i 's represent the locations of the boundary lines between the black and white strips. The black and white strips in such a droplet
values of the function z along the y = 0 boundary. For the detailed prescription of the droplet representation for general k, see [13] .
HEE of the mABJM Theory
The LLM geometry introduced in the previous section is asymptotically AdS 4 × S 7 /Z k , which means that the conformal symmetry is restored in the UV limit and the dual field theory becomes the ABJM theory without mass deformation. Due to the mass deformation, the conformal symmetry of the system is broken and the dual geometry should be modified in the deep IR region. This correspondence makes it possible to investigate the effect of the mass deformation on the HEE near the UV conformal fixed point of the ABJM theory.
Interestingly, it was shown that the REE derived from the HEE at the UV fixed point is consistent with the free energy of the ABJM theory obtained by the localization technique on S 3 [24] . In this section, we compute the HEE and investigate the REE near the UV fixed point of the mABJM theory with a small mass deformation for two types of entangling surface, strip and disk. For consistency check of our results, we will discuss the validity of the dual LLM geometry .
Strip
First, let us consider the HEE of the strip defined at the boundary of the LLM geometry.
Unlike the case of AdS 5 × S 5 , where the role of the compact manifold is trivial, the LLM geometry is not a simple product space so that one should be careful in evaluating the
Figure 1: An example for N B = 2: E F is the Fermi-energy which is the level of black droplet defined when all excited black droplets sink down. The k unit length divides the x-axis into sections denoted by indices n = 0, 1, 2, . . ., and each section has l n or l ′ n which is the length of black part or white part, respectively. They are identified with N n and N ′ n describing a field theory vacua.
HEE. For the HEE of the strip, we regard a 9-dimensional surface embedded in the LLM geometry which is called a holographic entangling surface for simplicity. Its boundary of course is identified with the boundary of the strip. If the coordinates of the holographic entangling surface are denoted by σ i with i = 1, · · · , 9, the induced metric can be represented as a functional of the embedding function 10) where G M N is the 11-dimensional LLM metric. Then, the surface shape is governed by the following action
It was conjecture in [4, 5] that the minimal area corresponding to the on-shell action is proportional to the HEE of the strip
The boundary space of the LLM geometry can be represented by R 1,2 ×S 7 /Z k . If we consider a static strip configuration, it should be extended in the 2-dimensional noncompact flat space and wrap the 7-dimensional compact manifold. Let us suppose that the strip is extended in w 1 -direction infinitely and has a finite width l in w 2 -direction. Then, the holographic entangling surface describing the HEE of the strip can be parameterized as follows
where the infinite length of w 1 is regularized to L for convenience. The holographic entangling surface is also extended in the radial direction r which generally becomes a function of the noncompact coordinates. However, the translation symmetry in the w 1 direction requires r to be a function of w 2 only, r = r(w 2 ).
Substituting the LLM metric into the induced metric formula leads to
Then the action of the holographic entangling surface, after performing the integrations over all angles but α, reduces to 15) where the prime means a derivative with respect to w 2 . Note that x, y and r have length square dimension. Let us introduce two dimensionless variables and a new radial coordinate with length dimensionx 16) which are related to each other as follows:
By using the relation between parameters
the action can be rewritten as
with 20) where N B is the number of black droplets.
Generally speaking, the Lagrangian density for the minimal surface is very complicated in the full LLM geometry and so it is hard to avoid difficulty in performing angle integration.
However, our main goal is to see the small mass deformation effect. For this, it is enough to take into account the limit µ 0 ≪ r rather than the full geometry. In this approximation the mass deformation effect on the HEE appears as deviation from the HEE obtained in AdS 4 . More specifically, using (3.20) , the function f in the small mass limit is expanded as follows.
The coefficient C k appearing in the above formula is defined as 23) and satisfies (C 2 − C 
If we regard w 2 as time, then γ A can viewed as an action of the mechanical problem. Since the Lagrangian is independent on w 2 , one may construct a conserved Hamiltonian as follows.
At the turning point denoted by u 0 , u ′ (w 2 ) vanishes. Applying this condition, the Hamiltonian turns out to be
Comparing above two expressions, u ′ can be written in terms of u 
where ǫ denotes a UV cutoff. Substituting u 0 into γ A , the strip entanglement entropy up to µ 2 0 order reads in terms of l
where G N = (2πl P ) 9 /(32π 2 ) denotes a 11-dimensional Newton's constant with the Planck length l P . The first and second terms on the right had side are consistent with the HEE obtained in AdS 4 , as mentioned before, and the third term is the leading correction caused by the mass deformation in the small mass limit. According to [17] , we can define a holographic c-function of the strip Then the free energy or c-function of the symmetric strip reduces to
In this case the coefficient of the µ 2 0 l 2 is a negative number. This fact implies that the holographic c-function shows the monotonically decreasing behavior along the RG flow.
Before going to the disk case, we would like to give a comment on another way of the mass deformation. In [5] , the authors considered the mass deformation of CFT in a bottomup approach. So it is meaningful to make a comparison between our top-down result and theirs. We discuss the identification between them in Appendix A.
Disk
We now turn to the REE of a disk near the UV fixed point. Let us take a circular region with radius l on the two spatial directions of the boundary noncompact manifold. The 9-dimensional holographic entangling surface with two noncompact directions is embedded into the target space (2.7) as
where the radial coordinate of AdS 4 is given by u = R/ x 2 +ỹ 2 and is a function only of ρ due to the rotation symmetry in the (w 1 , w 2 ) plane. α = tan −1 (ỹ/x) is the angle in the (x, y) plane and the range of ρ is given by 0 ≤ ρ ≤ l. The action describing the holographic entangling surface, after integrating out angular variables of the compact space, reduces to
where the prime means a derivative with respect to ρ, and f in the small mass limit is given in (3.21). In this small mass limit, the α integration up to µ 2 0 order leads to
where the normalization used in the previous section D 0 = 2 is adjusted. Note that, unlike the strip case, there is no conserved charge due to the explicit dependence on ρ. So we can not apply the method used in the previous section to the disk case. Here we follow a different strategy.
The minimum value of γ A is given by the on-shell action. In the µ 0 → 0 limit, γ A should be reduced to that of the AdS 4 up to an overall factor caused by the volume of the 7-dimensional compact manifold. In this zero mass limit, it is well-known that a circle appears as a special solution satisfying the boundary conditions, u ′ (0) = 0 and u(l) = 0,
In order to figure out the mass deformation effect near the UV fixed point, we can take into account a small mass perturbation around the known circular solution. The leading contribution appears at µ 2 0 order, so we take an ansatz 
In Fig 2. we plot the deformed holographic entangling surface in the symmetric case in which the mass deformation pushes the turning point toward the AdS 4 center.
After integrating over ρ, the on-shell action up to µ 2 0 order leads to the HEE of the disk in terms of the radius l
where the UV cutoff in the u coordinate is denoted by ǫ. In the above, the first two terms on the right hand side correspond to the HEE of a disk in the ABJM theory and the last is the first correction caused by the mass deformation. For instance, in the simplest symmetric case of the droplet picture with k = 1, the parameters x i have
which give rise to D 1 = 0, D 2 = −1/8 and D 3 = 9/8. Then, the HEE of the symmetric configuration is given by
The free energy corresponding to the c-function of this system then reduces to
This result shows that at a given µ 0 the free energy decreases along the RG flow when the system size l increases. As expected, this result coincides with the F -theorem, F ′ symm < 0. For general droplets, we finally obtain the REE up to µ 2 0 order
is the free energy of the original ABJM theory. The REE counts the effective degrees of freedom of a given system at the length scale l and is expected to play a role of a c-function in the holographic point of view. Since the mass deformation we consider is a relevant deformation with the dimensionless coupling constant g = lµ 0 , the monotonic decreasing of the REE along the RG flow is guaranteed by the following relation
If this relation is satisfied, our result supports the F -theorem in 3-dimensional field theory [25, 26] . In general droplets, it seems to be difficult to prove the above inequality. We first take into account the symmetric droplet configurations. In these cases, the validity of the dual LLM geometry, as will be shown in the next subsection, depends on the parameter regions. In the regions where the dual LLM geometry is weakly curved, the above inequality is really satisfied. As a result, the REE in (3.44) shows the desired holographic c-function behavior near the UV fixed point and, as the system size l increases, monotonically decreases consistently with the F -theorem along the RG flow.
Validity
The results of REE given in (3.30) and (3.44) are for general LLM geometries near the UV fixed point for the strip and the disk cases, respectively. To guarantee their validity, we have to check whether the LLM geometries we have considered are weakly curved everywhere in the large N limit. Here we sketch the validity of our calculations of the REE in the point of view of the gauge/gravity duality. The validity of the LLM geometry for the symmetric droplet case has already been considered in [23] , where it was shown that the magnitude of the curvature scalar is decreasing from the droplet point y = 0 as y increases. On the contrary, the validation is broken for the cases where the curvature scalar does not decrease and remains constant near y = 0 in the large N limit. Therefore, in checking the validity, it is sufficient to investigate the behavior of the curvature at the droplet point, y = 0.
Following the same logic, we extend the discussion to more general droplet cases.
Let us consider the general droplet characterized by the data x i , which specify z(x, y) and V (x, y) of (2.9) describing the full geometry. As one can find in Appendix B, if a given geometry does not have any strongly curved region, it is represented a droplet whose . Here k = 1 is taken for simplicity. Using these relations we obtain the REE for the strip and the disk, , the curvature scalar near y = 0 region remains finite in the large N limit. Therefore, the gauge/gravity duality may not be valid anymore. In turn, the leading contributions of the mass-deformation to the REE's of (3.47) are going to diverge, and thus invalidate the gauge/gravity duality. In conclusion, as we discussed previously, in order to have valid results of HEE we have to consider the Young-diagram including only long edges of order √ N .
Summary
Following the gauge/gravity duality, we have investigated the REE of the mass deformed ABJM theory and its RG flow. To do so, we have taken into account the LLM geometry corresponding to vacua of the mABJM theory which can be reinterpreted as droplets in the droplet picture. In general, the REE crucially depends on the droplet configuration, so it is a formidable take to find the analytic form of the general REE in the entire region. In this paper, we focused on the UV region where, due to the relatively small mass deformation, the perturbative and analytic studies on the mass deformation effect are possible. The entanglement entropy is an important concept to understand the degrees of freedom of a physical system. Interestingly, it was shown that the REE of the disk is associated with the free energy of an odd dimensional quantum field theory. The REE generally depends on the shape of the system we consider so that different shaped-systems result in different REE's.
Here, two types of the REE with the strip and disk shapes have been regarded.
The LLM geometry near the asymptotic boundary can be expanded in terms of the Legendre polynomials. In this region, the REE's of the strip and disk are given by nontrivial functions of the expansion coefficients. We have shown the explicit dependence of the mass deformation in those two shapes. The first correction of the REE appears at (lµ 0 ) 2 order, which implies that the variation of the REE with respect to coupling g = lµ 0 always vanishes as l goes to zero. Therefore, the REE at the UV fixed point is always stationary.
3 Near the UV fixed point, the variation of the REE explains the nontrivial dependence on the deformation parameter which is related to c-functions along the RG flow.
In a simple example with a rectangular shaped Young diagram, if the ratio between width and height is given by 1 in the large N limit, it describes a symmetric droplet configurations.
In this case, the REE's of the strip and disk have a negative slope. So the free energy corresponding the REE monotonically decreases along the RG flow and satisfies the Ftheorem. In the asymmetric case slightly deviated from the symmetric one, the ratio runs away from 1 but still remains a finite value. As expected, this slight modification does not change the desired F -theorem behavior. In the droplet configurations largely deviated from the symmetric one where the ratio becomes 0 or ∞, we found that the variation of the REE has still a negative but an infinite slope for (µ 0 l) 2 , which breaks the perturbative expansion.
In this large asymmetric case, actually the dual LLM geometry becomes highly curved so that the dual gravity description of the mABJM theory is not allowed and we should also be careful in applying the AdS/CFT correspondence. Due to this reason, the appearance of the infinite slope does not indicate the breakdown of the F -theorem and non-stationarity of the REE at the UV fixed point. In more general droplet configurations, it is still difficult to say whether the F -theorem is still working or not. Even in the parameter regions allowing the dual LLM geometry, it is not clear that the slope of the REE is given by a negative number. It would be interesting to clarify the REE of the general droplet configurations along the RG flow and helpful to understand the F -theorem and the property of the REE further. We leave it as a future work.
A Cutting minimal surface and mass deformation
In [4, 5] , the authors suggested a useful method for mass deformation in a bottom-up approach. The idea is to cut off the tip of the minimal surface in the conformal case, denoted by u 0 , where the cut-off scale is interpreted as a correlation length ξ(< u 0 ). According to this idea, the entanglement entropy for the strip is When the correlation length is very close to u 0 , one may take another approximation for (A.48). If we express the correlation length, ξ ≡ u 0 (1 − δ 2 ), in terms of a small parameter δ, then the above entanglement entropy is approximated as
where l of (3.28) has been used. Up to a multiplicative overall factor, comparing this with (3.29) gives the following expression for δ B Curvature Scalar at y = 0
To figure out the validity of the gauge/gravity duality in the HEE calculation, we investigate the behavior of the curvature for general droplets. As discussed in [23] , for some cases the geometry near y → 0 limit is highly curved even in the large N limit. The results of the HEE for these cases are not reliable. In the work [20] , the authors concentrated on the LLM geometries corresponding to the case of symmetric droplet represented by a square shaped Young-diagram. Here we generalize this case and investigate the behavior of the curvature at y = 0 in the large N limit.
The curvature scalar at y = 0 for general droplet is given by
wherex is a rescaled dimensionless coordinate,x = 2πl 3 P µ 0 x, and
(B.54)
The curvature scalar is determined by the function g(x), g(x) = 1 2 In the Young-diagram representation, N corresponds to the area of a given diagram.
To obtain reliable results from the gauge/gravity duality, the dimensionless quantity l 2 P R should be smaller than 1 everywhere in the large N limit. Now we investigate the behavior of l . When we consider the curvature scalar on the first black droplet, the g(x) is given by
(B.60)
In the small β limit nearx = 0, the leading contribution to the curvature scalar is given by We can also obtain the finite curvature scalar in the case of β ∼ √ N in the large N limit.
From the above investigation on the behavior of the curvature scalar for general droplet near y = 0, we conclude that, in order to obtain a geometry weakly curved everywhere in the large N limit, the length of each edge in the Young-diagram should be proportional to √ N .
